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Abstract

A new torque control strategy for brushless motors
with minimum torque ripple and minimum copper
losses while maintaining the phase currents under
magnetic (or current) saturation is presented. The op-
timal control — a nonlinear map from desired torque
and position to the motor’s phase currents — is the
closed form solution to a quadratic programming
problem. Experimental results demonstrate virtu-
ally ripple-free torque and improved trac king accuracy
In case of magnetic or current saturation, the maxi-
mum torque capability of the motor is considerably
increased.

1 Introduction

Modern direct-drive motors are multi-dimensional
nonlinear systems. Phase voltages and joint angle
are typically considered as the system input and out-
put leading to a complex nonlinear input-output dy-
namical behavior. F eedbadk linearization methods
[6, 15, 13], singular perturbation techniques [11], and
adaptive schemes have been proposed for the control
of suc h systems.Shouse et al. [12, 11] presented a self-
tuning con troller for permanent-magnet synchronous
motors, providing for either velocit y or position tradk-
ing. T aylor [1# applied a digital reduced-order mod-
eling to velocit y coitrol design for premanent-magnet
synchronous motors minimizing copper losses.

If we consider the motor’s phase currents as the inputs
in place of the armature voltages, the control problem
is reduced to the torque control of motors — a nonlinear
map from desired torque to phase currents. Control
approaches for accurate torque production in direct
drive systems and their underlying models have been
studied by several researc hers[9, 16,4, 13]. Murai
et al. [10] proposed heuristic commutation for non-
sinusoidal flux distribution. Le-Huy et al. [8, 3] re-
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duces the torque ripple harmonics for brushless DC
motor by using several drive current w aeforms. Ha
et al. [5] characterized the whole class of ripple-free
torque controller that enable the motor to behave like
a linear system. Contrary to these past approaches,
the proposed controller does not rely on a dynamical
model of the system or on any condition for the phase
torque-angle waveforms. In summary, the main con-
tribution of this paper is the design of a ripple-free
torque controller which minimizes copper losses and
maximizes the motor’s torque capability under mag-
netic saturation or current limitation. These claims
are validated experimentally on the McGill/MIT di-
rect driv e motor [2].

2 Optimal Phase Current

2.1 Motor Model

The torque 7 of a motor with n phases is the super-
position of all phase torque contributions,

n

T:ij(aﬂ'd) aj(ﬁ), (1)

Jj=1

where a;(0) and z;(6,74) are the jth phase torque-
current shape function and jth phase current, 6 is
motor angle, and 7; is the desired torque. We
have assumed negligible phase torque cross-coupling
and reluctance torque. In addition, w eassume that
the phase currents can be controlled accurately and
instantaneously so that the phase currents can be
treated as the control inputs.

The torque control problem is to solve the above equa-
tion in terms of currents, (6, 74), as a function of mo-
tor position, given a desired motor torque. Equation
1 permits infinitely many (position dependent) phase
current wave forms. Since the continuous mechanical
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power output of electrical motors is limited primar-
ily by heat generated from internal copper losses, it
makes sense to use this freedom to minimize power
losses,

Pioss = sz?(eaTd)a (2)

j=1

where R is the armature resistance. Magnetic satu-
ration is another key limitation which should be con-
sidered. If z,,4, > 0 is the current limit of the servo-
amplifier or the maximum phase current correspond-
ing to magnetic saturation then the phase currents
must satisfy

V.]EJZ{]-:Q::TL} (3)

|xj| S Tmaz

2.2 Quadratic Programming

In oder to derive the optimal phase currents z7 (6, 74)
which generate the desired torque (1) and minimize
the power losses (2) subject to constraint (3) we need
the torque functions a;(6). Let the functions be rep-
resented at finite numbers of positions. Then, the val-
ues at other positions can be found via interpolation.
Hereafter, we omit the argument 6 for simplicity. Now,
by setting 7 = 74 in (1), the problem of finding optimal
phase currents that minimize power losses, subject to
the constraints is formulated as

min f(x) = 23 + 23 + - + 22 (4)
h(x) = a1z + asxs + - -+ apx, — 74 =0 (5)

jeg (6)

where x = [z1, @2, -+, 7,]T € R is the vector of de-
sign variables. The above is a quadratic programming
problem. Since all the functions are convex, any local
minimum is a global minimum as well. Now we seek
the minimum point x* = [2},23,--,2}]7 satisfying
the equality and inequality constraints. First, how-
ever, we exclude the trivial solution z7 = 0. If the jth
torque shape function is zero, that phase contributes
no torque regardless of its current,

gj(x) = |xj| — Tmae <0,

aj=0 = :L";ZO VieJ
which immediately specifies the optimal phase cur-
rents at the crossing point. By excluding the trivial so-
lution, 27 = 0, we obtain a smaller set of variables and
number of equations. Therefore, we have to find the
optimal solution corresponding to the nonzero part.
Hereafter, without loss of generality, we assume that

all torque shape functions are non-zero.
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If we define
L(x) = f(x) + () + i’ g(x) (7)

the optimal point can be found via the Kuhn-Tucker
theorem as follows.

Theorem 1 [7] Let x* provide a local minimum of
f(x) satisfy the equality and inequality constraints
h(x) € R, and g(x) = [g1(x), g2(x),- -, ga(X)]T € R
Assuming that vectors (0g;/0x)T |p—e, (j € T) are
linearly independent, then there exist A € R and
=1, 2,5 i)t >0 € R™ such that

Vil(x*) =0 (8)
VaL(x") =0 (9)
il g(x") = 0. (10)

Let sgn(-) represents the sign function, where
sgn(e) = Lja| and z #0
n(x) = —Jz| and = #0.
& dz

Then Vxg(x*) = diag{sgn(x7),sgn(x3), -, sgn(z})}
is a diagonal matrix whose columns, (8g;/0x)T are
linearly independent. The only pitfall is z; = 0 where
the sign function is indefinite. We assume that the op-
timal current solution associated with the jth phase,
7 is non-zero if the value of the corresponding shape
function, a; # 0, is non-zero. This assumption will be
relaxed later.

Now, substituting f(x), h(x) and g(x) from (4), (5)
and (6) into (8), (9), and (10), we obtain

x] ai p1sgn (1)
x5 a p2sgn(z2)
2| 7|+ . —0 (11)
Ty, an [ SgR(Zn)
a1 x] +aszs + - +apz), — 74 =0 (12)
Nj(|x;|_$max) =0 jeJ. (13)

Equations (11), (12), and (13) constitute a set of 2n+1
nonlinear equations with 2n + 1 unknowns x*, A, and
i to be solved as follows. Since i > 0 and g(x*) <0,
equation (10) implies that p; = 0 for |z;| < Zmae, and
that p; > 0 for |z;| = @mas- Therefore, (11) can be
written concisely as

T(z}) = -05Xa; jeJ. (14)



In the above, the mapping T : D — R, where D(z) =
{z e R: |z| < Tpmas}, is defined by

T(z) = {

where p is any positive number. Since this map is
invertible on D, there exists a function T (T'(z)) =
z Vz € D. Thus, z} in (14) can be determined
uniquely if the right-hand-side of the equation is given.

|$| < Tmaz
|$| = Tmazx

T

x + 0.5sgn(z)p (15)

The inverse of the mapping is the saturation function,
i.e. T7(-) = sat(-), defined by

_ Z |.Z'| S Tmaz
sat(z) = { sgn(T) T maz otherwise (16)
and 4. > 0. Now, (14) can be rewritten as
ot =sat(=0.5Xa;)  jEJ (17)

implying that zj # 0 as a; # 0, thus relaxing the
assumption made earlier. The second result is that
the larger the magnitude of the torque shape function
|a;|, the larger the magnitude of the optimal current
|z7|. If the phases are labeled in descending order,

] 2o 2 an| = foy] 2 2 |2 (18)

nl;
the optimal phase currents from ] to x), must be
saturated consecutively. We shall use this fact to cal-
culate the optimal phase currents consecutively in the
same order. Let’s first calculate x}. In the case that
saturation of a phase occurs, (17) implies that only
knowing the sign of A is enough to calculate the asso-
ciate phase current. One can infer from (14) and (12)
that sgn(74) = sgn(—A). Therefore, if z} reaches its
saturation limit, then

z] =sgn(—a1\)Tmar = Sgn(a174)Tmaz - (19)
In contrast, if 7 does not saturate, i.e. |2}| < Zmae,
then neither does {x2,---,x,}, according to (18). Let
A1) represent the Lagrangian multiplier when a7 does
not saturate, then the Lagrangian multiplier can be
calculated by substituting phase currents from ]
—0.5Aa; into (12)

—2Td
AL — _
Zi:l af

(20)

which, in turn, can be substituted in (17) to obtain
the optimal phase current

x] = sat (

a1Tq

Dkt O @)
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Since the denominator in (21) is always positive, by
virtue of (19), one can infer that (21) also provides the
optimal solution for the saturation case too. Analo-
gously, x5 can be calculated if ajx] — 74 is treated
as the known parameter in (12). In general, the ith
phase current can be calculated by induction as fol-
lows: assume that upto (i — 1)th phase currents have
been solved, then we have

a i+ F a1z Fa; + o Fapey, —74 = 0.

~ ~
known unknown

(22)
The Lagrangian multiplier associated with the case of
unsaturated x} can be found from (17) and (22) as

£\ —2(1q — 22;11 aka)‘
D 0F
Substituting (23) in (17), gives
> , 1=2,-+,m.

x; = sat (
(24)

3 Maximum Attainable Torque

(23)

i—1
Q;Tqg — Zk:l akw,’;

Zz:i a?

The control algorithm presented above permits torque
sharing among phases when one phase saturates. It is
of interest to know how much torque is gained using
this method. One can show that the optimal solution
of phase current without taking the saturation into
account can be expressed explicitly in closed form as

_ a;j(6)7a
a3 (0) +a3(0) +--- +aZ(0)

VieJ.

(25)
In this case, the maximum torque depends on the sat-
uration of the largest phase torque function. It is
clear from (25) that the phase with the largest |a;]
reaches the saturation first. Again, assuming that
la1| > |az| > - -+ > |ay,|, then the maximum achievable
torque can be calculated from (25)

ﬂfj(e,Td)

17l (s - las/alas] -+ Jan/ar]an]) = ki (6).

mmaw

(26)
On the other hand, our proposed algorithm allows us
to demand more torque as the burden of the shared
torque is shifted to unsaturated phases when one
phase saturates. Obviously, this can goes on until all
phases have saturated. Hence the maximum magni-
tude torque satisfies

17l ) 4 Jas) + - 4 Jan]) = Ra6).

xmam

(27)



k1(#) > 0 and k() > 0 are important factors in
the torque capability of motors. Since |az/ai| <
1,---,]an/a1] < 1, one can conclude from (26) and
(27) that k1(0) < ko(6). The values of k; and ko de-
pend on the shape of the torque functions. However,
they can be expressed explicitly for an ideal three-
phase motor, i.e. n = 3, where we have three shifted
sinusoidal torque functions as a;(f) = asin(f + ),
a(0) = asin(@ + 27/3 + ¢), and az(d) = asin(d +
47 /3 + ). In this case, using the properties of trian-
gular functions, one can show

V3i < ky(0) < 1.5a,

24 < ky(6) < V/3a.

Therefore the maximum torque capability is boosted
by 2/4/3 when the phase saturation is considered in
the phase current shape function.

4 Experiments

4.1 Identification

We measure the torque shape functions experimen-
tally on a hydraulic dynamometer [1]. To this end, the
torque trajectory data versus position was logged dur-
ing the rotation, while one phase was energized with
a constant current. Cogging and friction torques act
as disturbances to the torque measurement and often
are a function of position. For more accurate results,
the joint friction and cogging torque are identified and
then subtracted from the torque measurement. The
cogging torque is due to residual magnetization in the
stator armatures, while the friction torque arises in
the motor bearings and consists of viscous and dry
friction. Since direct-drive motors operate at rela-
tively low speed, dry friction, 77, dominates. The
main problem in identification of the phase torque-
angle characteristic is that the dry-friction is position
dependent. Let 73/(0) and 7(6) represent the motor
torque and the magnitude of the dry-friction,

T (0) = 7(8) — 7 (0)sgn(0).
Suppose TJJ\CI and 7,, represent two sequences of torque
measurement corresponding to clockwise and counter-
clockwise rotations, then the magnetic and friction
torque can be readily calculated as

W0 = SO +e] 9
(@) = Sl ®) - (6]

The cogging torque is obtained by setting the phase
current to zero. The dry friction, cogging, and the

1133

three phases’ torque-angle profiles (with friction and
cogging torques subtracted) are illustrated in Fig. 1
where the phase currents are individually set to 8A.
Although our experiments showed that friction torque
+1Nm and cogging torques are relatively low, we com-
pensate both friction and cogging torques for a more
accurate torque generation.

T
PN
- ~

/
Me” cogging
AN

Torque (Nm)

100 110 120 130

Motor Angle (deg)

Figure 1: Friction torque, cogging torque and three
phase torque-angle profiles.

4.2 Implementation of the
Control Algorithm

If [a;j(6h),a;(62),---,a;(0p)] € RP represent the dis-
crete torque shape functions corresponding to p mea-
surements of the phase torque (with unit current ex-
citation) and positions then the torque control algo-
rithm mat proceed by the following steps:

Torque

1. Read position, and then interpolate the corre-

sponding torque shape functions a;.
Set 27 = 0 for a; = 0 (or for suff. small |a;]).

pick the set of nonzero shape functions and sort
them s.th. |a1]| > |az| > -+ > |ap| and calculate
the optimal currents from (21) and (24); go to
step 1.

4.3 Torque Ripple

The torque controller was tested on the dynamometer.
The motor shaft is rotated by the hydraulic actuator
while the motor torque is monitored by the torque
transducer. Fig. 2 shows a dramatic reduction in
torque ripple with our proposed controller compared
to sinusoidal commutation.

4.4 Torque Saturation

Here we demonstrate how much the maximum torque
capability of our motor prototype is enhanced by using
our proposed control algorithm. Fig. 3 shows the



Sinusoidal commutation is applied
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Figure 2: Motor torque in sinusoidal (top) and the
ripple free (bottom) commutations.

graphs of the maximum achievable torque with respect
to maximum phase current z,,,, = 15A that are with
(solid line) and without (dashed line) consideration of
the current saturation in the torque control law. It is
evident from the graphs that the motor torque limits
corresponding to the torque controllers are 34/Nm and
41Nm — an increase of 20% for the proposed torque
controller.

One aspect of our proposed torque control algorithm is
the current-position pattern varies upon the requested
torque. This is demonstrated in Fig. 4 (top) and
(bottom) which show the current-position pattern of
the motor with respect to the requested torques 10N m
and 38 Nm, respectively.

S a1
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w

Maximum torque (Nm)
o1

140

W
=]

130 160

Motor Angle (deg)

110 120

Figure 3: Maximum admissible torque corresponding
to maximum phase current 15A. Solid: with torque
sharing, dashed: without torque sharing.

4.5 Two Phase Commutation

An interesting aspect of the proposed controller is
that it does not rely on any condition on the torque-
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Figure 4: Phase current with the requested torque
10Nm (top), and 38 N (bottom) respectively.

position pattern of the phases, such as having balanced
phases where ) a; = 0 [5]. Therefore, the control al-
gorithm can achieve ripple-free torque even if one of
the motor phases fails. Fig. 5 shows the phase cur-
rents of two phases commutation which produces the
same torque 10 Nm produced by three phase commu-
tation Fig. 4 (top). This can be useful in practice
when there is need to continue operating the motor
even in the case of one phase failure. The penalty is
an increase in power consumption, in this particular
case from 75W to 128W.
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Figure 5: Phase current profile when the motor oper-
ates only with two phases.

5 Conclusion

The motor torque control problem was interpreted as
the optimization of a nonlinear mapping from com-
manded torque and motor position to commanded
phase currents. We have formulated the problem with
power losses in winding as the cost function while the
torque equation and magnetic (or current) saturation



enter as equality and inequality constraints. The op-
timal phase current minimizing the copper losses sub-
ject to the ripple-free constraint and the phase current
saturation constraint has been rigorously solved by the
application of the Kuhn-Tucker theorem. The solution
is explicitly presented in a form of mapping of the cur-
rent phases versus torque set-point and position.

A hydraulic dynamometer has been developed to char-
acterize the torque-angle, torque-current characteris-
tics of a direct-drive motor phases. Finally, our torque
control algorithm has been implemented in real-time
for our direct drive system. Experimental results have
demonstrated that torque-ripple is almost eliminated.
How much torque ripple affects the accuracy of posi-
tion controllers has been investigated experimentally.
It has been shown that we can achieve 0.003 degree
accuracy in position tracking when the proposed com-
mutation is used. We also showed that by considering
current (magnetic) saturation in the design of torque
control, the maximum torque capability of our motor
is boosted by 20%.
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