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Abstract

The open�loop torque control of synchronous mo�

tors with minimum torque ripple and minimum cop�

per losses is presented� The control problem is viewed

as an optimization problem for the nonlinear mapping

from desired torque and position to the motor�s phase

currents� The performance of the controller to pro�

duce virtually ripple�free torque and to enhance the

precision of position tracking is demonstrated exper�

imentally�

� Introduction

Precise position tracking is critical in many robotic
and automation applications such as arc welding� laser
cutting� NC machining� �xture�less assembly� precise
indexing� or antenna tracking� Direct�drive motors are
ideal candidates for such applications� They can� in
principle� substantially improve the positioning preci�
sion since they lack the gearbox required in conven�
tional electric drive systems� However� by the same
token� direct drive systems are more adversely a�ected
by the motor�s torque ripple� Moreover� direct�drive
motors su�er from relatively low continuous torque�
which is limited by the power loss in the motor�s wind�
ing� Therefore� direct�drive motors require accurate
torque control with minimum power loss� This is the
contribution of this paper�

Control approaches for accurate torque production
in direct drive systems and their underlying models
have been studied by several researchers ���� ��� 	� �
��
Feedback linearization methods were often proposed�
for example in ��� ��� �
��

Manzer et al� ���� characterized variable�reluctance
motors by approximating their 
ux linkage via piece�
wise polynomials� Murai et al� ���� proposed heuris�
tic commutation for non�sinusoidal 
ux distribution�
Starr et al� ��	� and Newman et al� ���� applied
a ��D lookup table and a multi�variable function to

determine the phase currents of a variable�reluctance
motor with respect to position and torque set points�
Filicori et al� �	� proposed a dynamical torque con�
troller based on a 
ux observer which minimizes cop�
per losses or the maximum motor�feeding voltage� Le�
Huy et al� ���� �� reduces the torque ripple harmonics
for brushless DC motor by using several drive cur�
rent waveforms� The main tool in the control of syn�
chronous motors is a transformation of phase currents
via the �d�q transformation� ���� Since this transforma�
tion linearizes only an ideal motor with perfectly si�
nusoidally distributed magneto�motive force� another
torque set point is cascaded to cancel torque ripples�
This method has been successfully implemented on the
previous version of our McGill�MIT motor at MIT ����
Less than��Nm ripple has been reported� however� in
contrast to this paper� no attempt to minimize power
dissipation was made� In a previous paper ���� we pre�
sented an alternative approach to torque ripple min�
imization� which was based on linear magnetics only�
In contrast� the approach presented here is applicable
to nonlinear magnetics as well�

This paper is organized as follows� Section �
presents an optimal nonlinear mapping �commuta�
tion law� from desired torque and position to motor
phase angles with minimum copper losses� This map�
ping is available in closed form for linear magnetics�
In Section �� the experimental hydraulic dynamome�
ter testbed is described� and the phase torque�angle
and torque�current characteristics are identi�ed ex�
perimentally for the McGill�MIT synchronous direct�
drive motor� The performance of the proposed com�
mutation to produce virtually ripple�free torque and
to yield precise position tracking is demonstrated in
Section 	 experimentally�

� Look�Up Table Based Commutation

In this section� we derive the optimal phase cur�
rents which minimize both the torque ripple� as well
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as the power losses� �rst for nonlinear� then for lin�
ear magnetics� It is assumed that there is negligible
cross�coupling between the phase torques ���� �� �
��
In addition� we assume that the phase currents can be
controlled accurately and instantaneously�

��� Nonlinear Magnetic Regime

The torque developed by a single phase is a func�
tion of the phase current xj and the �angular motor�
position �� As in related work ���� ��� ��� we assume
that this function has separable current and position
dependent nonlinearities� as follows�

�j�xj � �� � u�xj� vj��� j � �� �� � � � � p ���

where p is the number of phases �typically p � ���
u��� captures the current nonlinearity due to magnetic
saturation and vj��� is the position nonlinearity asso�
ciated with the jth phase� vj��� is a periodic function
of the motor position� �� which has some zeros where
no torque is generated� However� this problem is elim�
inated since electric motors have several phases which
permits torque�sharing� The motor torque � is the
superposition of all phase torque contributions�

� �

pX
r��

u�xr��� �
��� vr���� ���

The commutation problem is to solve the above equa�
tion in terms of current� xr��� �

��� as a function of
motor position� given a desired motor torque ���

Given a scalar torque set point� ��� permits in�
�nitely many �position dependent� phase current wave
forms� Since the continuous mechanical power output
of electrical motors is limited primarily by heat gener�
ated from internal copper losses� it makes sense to use
the freedom in the phase current solutions to minimize
power losses�

Ploss � R

pX
r��

x�r��� �
��� ���

where R is the armature resistance�
Now by setting � � �� in ���� the problem of �nd�

ing phase currents� xr� that minimize power losses is
formulated by�

min f�x�
�
�

pX
r��

x�r �	�

s� th� h�x�
�
� �� �

pX
r��

u�xr��� �
���vr��� � ���
�

where x � �x�� x�� � � � � xp�
T � IRp is the vector of de�

sign variables� � and �� are the system parameters
which are also the argument of the optimal solution�
Following the Lagrange multiplier approach� we have
to solve

rf�x� � �rh�x� � �� ���

Substituting f and h from �	� and �
� into ���� we
obtain

�xj � �
du�xj�

dxj
vj � � j � �� �� � � � � p ���

and hence

Z xj

�

�
�� � �

du���

d�
vj

�
d� � �� and u��� � ��

It follows that

u�xr�vr �
x�r
�

r � �� �� � � � � p� ���

Substituting u�xr�vr from ��� into the torque equation
�
� yields

� �
�

��
x
T
x� ���

It is evident from ��� that � � � if all torque functions
xr��� had the same zero crossing which is not the case
in multi�phase motors� Thus � �� �� which satis�es
the necessary condition for optimality�

Now substituting the Lagrange multiplier from ���
into ���� we obtain p nonlinear equations in p un�
knowns �x�� � � � � xp��

v����x
T
x� ��J �x�� � � ����

v����x
T
x� ��J �x�� � �

���

vp���x
T
x� ��J �xp� � ��

where

J �xj�
�
�

x�j

u�xj�
�

Since neither the input functions nor the solution
are given in a closed form� discrete functions xj��� �

��
should be numerically obtained over �nite numbers of
� and ��� It is worth noting that though the torque
function is separated with respect to the variables� the
optimal current function is not� in general� Therefore�
xj��� �

�� must be represented in the form of a two�
dimensional look�up table including all cross terms�



Figure �� Hydraulic dynamometer testbed�

��� Linear Magnetic Regime

For linear magnetics where u�xj� � xj and J �xj� �
xj � the set of equations in ���� are greatly simpli�ed�
Now the optimal solution can be expressed explicitly
in closed form�

xj��� �
�� � ��x�j��� � ��

vj���Pp
r�� v

�
r���

j � �� �� � � � � p�

����
It is worth noting that the denominator in ���� is

constant for a three phase motor with perfectly sinu�
soidal torque functions

�X
r��

v�r��� � �v�
�
sin��q� � �� � sin��q� � ��

��

�
�

� sin��q� � ��
	�

�
�

�
�

�

�
�v��

Therefore� each commutation function has the iden�
tical wave�shape as its torque function does� i�e�� a
sinusoidal function with the same phase shift ��

� Experimental Phase Torque Charac�

teristics

��� Experimental Setup

Fig� � illustrates the experimental setup� The
direct�drive motor and a hydraulic rack and pinion
rotary motor �Parker ���A���BME� are mounted on
the rigid structure of the dynamometer� The hydraulic
motor�s shaft is connected to that of the direct drive
motor via a torque transducer �Himmelstein MCRT
���	TC� by means of two couplings �Gam�Jakob
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Figure �� The schematic of motor torque control�

KSS�	
�� which relieve bending moments or shear
forces due to small axes misalignments� The speed of
the hydraulic motor is controlled by a pressure com�
pensated 
ow control valve �Parker TPCS���S����
The hydraulic pressure is set su�ciently high so that
the hydraulic actuator regulates the angular speed re�
gardless of the applied direct�drive motor torque� The
motor torque is measured in a quasi�static condition�
where the motor velocity is kept su�ciently low � deg

s
�

to ensure that the inertial torque does not interfere
with the measurement� An adjustable cam and two
limit switches detect the two rotational extremes and
activate a solenoid valve through a PLC unit �not
shown� to reverse the direction�

The torque control system consists of three main
functional components� position sensor� processor unit
and power ampli�er �Fig� ��� The position sensor is an
optical encoder �Teledyne Gurley �����	
���CBQA�
NB� mounted to the McGill�MIT motor �
� shaft� Its
mechanical resolution of 	� 
�� lines per revolution is
extended �� times by an electronic interpolator �Tele�
dyne Gurley HR����WB�BRD� for ������ resolution�
The processor unit� an IBM compatible PC based on
Intel ��	�� processor produces in real time the set
points for the three phase current ampli�ers� This
involves looking up the proper set point value from
the look up table� as a function of the motor position�
�� and the desired motor torque� ��� and adding the
compensating torque ����� Three independent current
servo ampli�ers �Advanced Motion Control ��A��AC�
control the motor�s phase currents as speci�ed by the
processor� The ampli�er�s rated current and voltage
are �
A and ���V with a switching rate of ��kHz�
Line isolation for the ampli�er control inputs is pro�
vided by opto�couplers which also eliminate ground
loops�



��� Friction and Cogging Torques Com�
pensation

In practice� cogging and friction torques act as dis�
turbances and often cannot be neglected� The cog�
ging torque �cog��� is due to saliency of the rotor or
residual magnetization in stator armatures� The fric�
tion torque arises in the motor bearings and consists
of viscous and dry friction� Since direct�drive motors
operate at relatively low speed dry friction� �f � domi�
nates� Although our experiments showed that friction
torque is relatively low� we measure and compensate
both friction and cogging torques for more accurate
torque generation� via

�comp��� ��� � �cog��� � �f sgn� ���� ����

Cogging torque is a position dependent function
which is illustrated in Fig� ��top�� The dry friction
torque was evaluated from the di�erence of the av�
eraged friction torque during clock wise and counter
clock wise rotation and turned out to be �f � �Nm�

��� Torque�Angle Relationship

The torque trajectory versus position was recorded
during rotation� while one phase was energized with
a current of � A� The three phases� torque�angle pro�
�les� with friction and cogging torques subtracted� are
shown in Fig� � �bottom�� Since our motor torque
is linear in terms of current� we can use ���� to cal�
culate the optimal current�position wave shape based
on the torque�position measurement� Since the mo�
tor has � pole pairs� the torque trajectory is periodic
in position with a fundamental spatial�frequency of
� cpr �cycles�revolution� and thus the torque pattern
repeats every 	� degrees�

The discrete Fourier series coe�cients of the torque�
position function is shown in Fig� 	� The frequency
contents are expressed in harmonics of � cpr� i�e� the
spatial frequency of the ��th harmonics is �� cpr� The
�gure reveals that the signi�cant frequency compo�
nents appear at the �st� ��th and ��th harmonics�

��� Torque�Current Relationship

Graphical representation of the torque�current re�
lationship over all positions requires a large number
of plots� This is greatly simpli�ed in the frequency�
domain because of the small numbers of harmonics�

Similar to the previous experiment� torque�angle is
recorded within almost one rotation while the phase
current is constant� But the current is incremented at
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monics versus phase current� experimental data�



the end of each rotation stroke by �A until an ensemble
of torque pro�les belonging to the span of ���
� �
� A
is obtained� The major torque harmonics identi�ed
from the previous experiment are plotted versus cur�
rent� Fig� 
� It is evident from this �gure that all har�
monics have a linear relationship with current� The
poor deterministic behaviour of the ��th harmonics is
due to its low amplitude which results in a poor S�N
torque signal� It can be concluded from the experi�
mental results that the torque is a linear function of
current for this particular motor� and the motor oper�
ates far from magnetic saturation�

� Performance Test

��� Torque Ripple

The torque controller designed based on the linear
magnetic model was tested on the dynamometer� The
motor shaft is rotated by the hydraulic actuator while
the motor torque is monitored by the torque trans�
ducer� Fig� � shows the motor torque versus position
when sinusoidal and the minimum ripple commuta�
tion are applied� A comparison of the torque ripples
in the two cases shows the superior performance of our
commutation�
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Figure �� Motor torque in sinusoidal and the ripple
free commutations� experimental data�

��� The E�ect of Torque Ripple in Mo�
tion Control

How important is the torque ripple for stability and
tracking performance of a motion controller� With a

linear plant and motion controller� the actuator torque
ripple includes a decentralized memoryless nonlinear�
ity� i�e� a nonlinear mapping� into the feedback loop�
This kind of nonlinearity satis�es the so�called sector
condition ���� and therefore� Popov�s criterion ��� can
be used to assert the stability of the closed loop sys�
tem� Suppose �r is the ripple fraction� then the corre�
sponding nonlinearity belongs to the sector ���r� �r�
or equivalently ��� ��r�� Based on Popov�s criterion�
one can show that for a stablizing PD or PID posi�
tion controller� the overall system is absolutely stable
for all nonlinearities in ��� �� ���� This implies that the
actuator torque ripple is not a critical issue for stabil�
ity� However� the nonlinearity adds perturbation into
the system which degrades the tracking performance
of the control system�
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Figure �� Step response of the position controller� ex�
perimental data�
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Figure �� Position tracking errors� experimental data�

We demonstrate the accuracy of position tracking
of our direct drive system with and without torque
ripple� To this end� a critically damped PID position



controller �Fig� �� with

KP � ��
Nm

deg
� KI � ���

Nm

deg�s
� KD � ���


Nm�s

deg

is implemented� in addition to the torque controller�
Fig� � illustrates the tracking error of the system to a
ramp input when the sinusoidal �top� and the mini�
mum ripple �bottom� commutations are applied� The
�gure clearly shows that the tracking error limited by
the torque ripple� In the absence of actuator torque
ripples� the tracking error is reduced down to about
the encoder resolution ������ deg��

� Conclusion

The motor torque control problem was viewed as
the optimization of a nonlinear mapping from com�
manded torque and motor position to commanded
phase current while the redundancy of the problem
was exploited to minimize copper losses� The mapping
was presented implicitly by calculating the point�to�
point values of the current phases versus torque set�
point and position for a class of electric machines with
separable position and current nonlinearities while an
explicit form was presented for linear magnetic sys�
tems� A real�time algorithm has been implemented for
our direct drive system� Experimental results demon�
strated that torque�ripple is almost eliminated� How
much torque ripple a�ects the accuracy of position
controllers is also investigated experimentally� It has
been shown that we can achieve ����� degree accuracy
in position tracking when the proposed commutation
is used�
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